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Abstract. In this expository paper, we revisit the results of Atiyah-Singcr 
and de Concini-Procesi-Vergne concerning the structure of the i\-theory groups 
£Lf K* G (T* G M). 
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1. Introduction 

When a compact Lie group G acts on a compact manifold M, the isT-theory group 
Kq(T*M) is the natural receptacle for the principal symbol of any G-invariant 
elliptic pseudo-differential operators on M. One important point of Atiyah-Singer's 
Index Theory [HGJEJE] is that the equivariant index map Index ^ : K G (T*M) — »■ 
R(G) can be defined as the composition of a pushforward map i\ : K G (T*M) — > 

K G (T*V) associated to an embedding M A- V in a G- vector space, with the 
index map Index^ : K° G (T*V) -> R(G) which is the inverse of the Bott-Thom 
isomorphism |15j . 

In his Lecture Notes [T] describing joint work with I.M. Singer, Atiyah extends 
the index theory to the case of transversally elliptic operators. If we denote by T G M 
the closed subset of T*M, union of the conormals to the G-orbits, Atiyah explains 
how the principal symbol of a pseudo-differential transversally elliptic operator on 
M determines an element of the equivariant i4T-theory group K G (T G Af), and how 
the analytic index induces a map 

(1) Indcx« : K G (T G M) -> iT°°(G), 

where R-°°(G) := hom(iJ(G), Z). 

Like in the elliptic case the map ([1]) can be seen as the composition of a push- 
forward map i\ : K Q G (T* G M) -> K G (T* G V) with the index map Index^ : K G (T G V) -4 
R~°°(G). Hence the comprehension of the i?(G)-modulc 

(2) K^(T^) 

is fundamental in this context. For example, in [HHH] the authors gave a cohomo- 
logical formula for the index and the knowledge of the generators of Kjm (T^yC) 
was used to establish the formula. In [11], de Concini-Procesi-Vergne proved a 
formula for the multiplicities of the index by checking it on the generators of <j2j) • 

When G is abelian, Atiyah-Singer succeeded to find a set of generators for ([2]), 
and recently de Concini-Procesi-Vergne have shown that the index map identifies 
© with a generalized Dahmen-Michelli space [HI OS]. Let us explain their result. 

Let G be the set of characters of the abelian compact Lie group G : for any 
X £ G we denote C x the corresponding complex one dimensional representation 
of G. We associate to any element $ := J2 x ed m x^--x ^? _oc (G) its support 
Su PP ($) = { X | m x £ 0} C G. 

For any real G- module V, we denote Ag(V) the set formed by the infinitesimal 
stabilizer of points in V: we denote f) m j„ the minimal stabilizer. For any f) € Ag(V), 
we denote H := exp(rj) the corresponding torus and we denote tth ■ G —> H the 
restriction map. 

We denote R~°°(G/H) C i? _ °°(G) the subgroup formed by the elements $ G 
R~°°(G) such that tth (Supp($)) c H is reduced to the trivial representation. Let 

{R-°°{G/H)) c R-°°(G) 

be the i?(G)-submodule generated by R-°°(G/H). We have $ e {R-°°{G/H)) if 
and only if 7Tfj(Supp(<J>)) c H is finite. 

For any subspace a C g, we denote V a CV the subspace formed by the vectors 
fixed by the infinitesimal action of a. We fix an invariant complex structure on 
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V/V 3 , hence the vector space V/V** C V/V B is equipped with a complex struc- 
ture for any f) G Aq(V). Following [11], we introduce the following submodule of 
R~°°(G): the Dahmcn-Michclli submodule 

BM G (V) := 

(iE- oo (G/fl roin ))f){*Gi2- oo (G0| a'v7v&®$ = 0, VMU6Ag(7)}, 
and the generalized Dahmen-Michclli submodule 

Jb(F) := {$ G i?-°°(G) | A* V/V* ® $ G (R-°°(G/H)), VI) e A G (V)}. 

Note that the relation A*V/V<><g>$ £ (R-°°(G/H)) becomes $ £ (R-°° (G/ H rnm )) 
when f) = f) m i n . Hence DMg(V) is contained in Tc(V). We have the following 
remarkable result |10) . 

Theorem 1.1 (de Concini-Procesi-Vergne). Let G be an abelian compact Lie group, 
and let V be a real G-module. Let V 9en C V be its open subset formed by the G- 
orbits of maximal dimension. The index map defines 

• an isomorphism between K G (T G V^) and .F G (V"), 

• an isomorphism between ~K. G (T G V gen ) aW DMg(V). 

The purpose of this note is to give a comprehensive account on the work of 
Atiyah-Singer and de Concini-Procesi-Vergne concerning the structure of ([2]) when 
G is a compact abelian Lie group. We will explain in details the following facts : 

• The decomposition of K G (T G M) relatively to the stratification of the man- 
ifold M relatively to the type of infinitesimal stabilizers. 

• A set of generators of K G (T G V). 

• A set of generators of H G ( r T G V 9en ) . 

• The injectivness of the index map Indexy : K G (T G y) -> R-°°{G). 

• The isomorphisms K G (T G V) ~ JgOO and K G (T G ^ e ") ~ DM G (F). 

Acknowledgements. I wish to thank Michele Vergne for various comments on 
this text. 

2. Preliminary on A'-theory 

In this section, G denotes a compact Lie group. Let R(G) be the representation 
ring of G and let Rr°°(G) = hom(i?(G), Z). 

2.1. Equivariant A'-theory. We briefly review the notations for K-theory that 
we will use, for a systematic treatment see Atiyah [5] and Segal [T5] , 

Let A be a locally compact topological space equipped with a continuous action 
of G. Let E — > N be two G-equivariant complex vector bundles. An equivariant 
morphism a on N is defined by a vector bundle map a G r(A, hom(A + , E~)), 
that we denote also a : E + — > E~: at each point n G A, we have a linear map 
cr(n) : E+ — > E~ . The support of the morphism a is the closed set formed by the 
point n G N where o~(n) is not an isomorphism. We denote it Support(cr) C A. 

A morphism a is elliptic when its support is compact, and then it defines a class 

[a] G K° G (A) 

in the equivariant K-group |15l. The group K G (A) is by definition the group 
K G (A x E) where G acts trivially on R. 
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Let j : U <->■ N be an invariant open subset, and let us denote by r : N \ U N 
the inclusion of the closed complement. We have a push-forward morphism j* : 
K h( u ) ~> K^(iV) and a restriction morphism r* : K G (AT) — » K* G (N \ U) that fit 
in a six terms exact sequence : 

(3) K G (C7) — ^ K G (iV) — C K° G (iV \ CO 

K G (7V \ U) ^— K G (iV) ^— - K G (C7) 

In the next sections we will use the following basic lemma which is a direct 
consequence of ([3]). 

Lemma 2.1. Suppose that we have a morphism S : K. G (N \ U) — > K. G (N) o/ 
R(G) -module such that r* o S is the identity on K G (./V \ U). Then 

K* G (N) ~ K G (CT) e K* G (N \ U) 

as R(G) -module. 

We finish this section by considering the case of torus T belonging to the center 
of G. Let i : T ^4 G be the inclusion map. We still denote i : Lic(T) — > g the map 
of Lie algebra, and i* : g* — > Lie(T)* the dual map. Note that the restriction to T 
of an irreducible representation is isomorphic to (C.j»(^)) p with p = dim(V^). 
The representation ring R(G) contains as a subring R(G/T). At each character \i 
of T, we associate the i?(G/T)-submodule of R{G) defined by 

R(G)^= ZV °- 

i*(A)=/i 

Note that R(G) = R(G/T). 

We have then a grading R(G) = ®^ ef i?(G) At since R(G)^ ■ R{G)^> C RiG)^ . 
If we work now with the i?(G)-module R~°°(G), we have also a decomposition^ 
R-°°(G) = ©^iT 00 ^ such that R{G), L ■ R~°°(G)^ C ir°°(GW. 

Let us consider now the case of a G-space N, connected, such that the action 
of the subgroup T is trivial. Each G-equivariant complex vector bundle £ — > N 
decomposes as a finite sum 

(4) £=0*m 

where ~ homx(C M ,£) is the G-sub-bundle where T acts trough the character 
t M> t} L . Note that a G-equivariant morphism a : £ + — > E~ is equal to the sum 
of morphisms 07, : — ► £~ . Hence, at the level of K-theory we have also a 
decomposition 

(5) K G (AO=0K G (A% 
such that R(G)„ • K G (iV) M / C K G (iV) M+M /. 



The sign means that one can take infinite sum. 
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Definition 2.2. We denote Kg (JV) or simply K G (iV) the R(G)-module formed 

by the infinite sum e f <r M ^ °> e K g( N )»- When N = {•}> K g(») = 

is a R(G)-submodule of R~ aa (G). 

2.2. Index morphism : excision and free action. When M is a compact G- 
manifold, an equivariant morphism a on the cotangent bundle T*M is called a 
symbol on M. We denote by T G M the following subset of T*M 

T G M := {(m,£) G T*M | ^,X M {m)) = for all X G g}. 

where Xjy(m) := ^e~ tx ■ m\t = o is the vector field generated by the infinitesimal 
action of X 6 g. More generally, if D C G is a distinguished subgroup, we can 
consider the G-invariant subset 

(6) T* D M D T G M. 

An elliptic symbol a on M defines an clement of K G (T* M) , and the index of a is 
a virtual finite dimensional representation of G that we denote Index M (cr) [4j [3j EJ [6] . 
An equivariant symbol a on M is transversally elliptic when Support(er) PI T* G M 
is compact: in this case Atiyah and Singer have shown that its index, still denoted 
Index^ f (er), is well defined in R~°°(G) and its depends only of the class [a] 6 
K G (T G Af) (see [1] for the analytic index and [14] for the cohomological one). It is 
interesting to look at the index map as a pairing 

(7) Indcx^ : K° G (T G M) x K° G (M) iT°°(G). 

Let a be a Gi x G2 -equivariant symbol a on a manifold A/. If a is Gi- 
transversally elliptic it defines a class 

MeK GixG2 (T Gi Af), 

and its index is smooth relatively to Gi- It means that Index^ 1 x G ' 2 (a) = ^ £ gr ^/*® 
V^f 1 where M G R{G2) for any Hence 

• the Gi-index Index M J (cr) = 5^ e g^ dim^)®^ 1 is equal to the restriction 
of Index^ 1 xG2 (cr) to g = 1 G G 2 . 

• the product of Index^. 1 x 2 (a) with any element G R~°°(Gi) is a well 
defined element 6 • Indexf/ xG2 (ct) G iT°°(Gi x G 2 ). 

Remark 2.3. Suppose that a torus T belonging to the center of G acts trivially on 
the manifold M. Since the index map Index M is a morphism of R(G) -module, the 
pairing ^ specializes in a map from Kg(TgiVf)^ x Kg(M)^' into i? _ °°(G) Al + A1 ' . 
Hence on can extend the pairing ^ to 

(8) Index , : K° G (T* G M) x K|(M) -> R-°°(G). 

See Defjnition \2.ini for the notation Kg(Af). 

Let U be a non-compact X-manifold. Lemma 3.6 of [I] tell us that, for any open 
JsT-embedding j : U M into a compact manifold, we have a push-forward map 
3* ■■ K G {T* G U) -> K* G (T G M). 

Let us rephrase Theorem 3.7 of pQ. 
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Theorem 2.4 (Excision property). The composition 

K° G (T* G U) K G (T* G M) in ^# R~°°(G) 

is independent of the choice of j :U <^-> M: we denote this map index^. 

Note that a relatively compact G-invariant open subset U of a G-manifold admits 
an open G-embedding j : U <—t M into a compact G-manifold. So the index map 
indexy is defined in this case. Another important example is when U — > TV is a 
G-equivariant vector bundle over a compact manifold TV : we can imbed U as an 
open subset of the real projective bundle P(Z7 © M). 

Let K be another compact Lie group. Let P be a compact manifold provided 
with an action of K x G. We assume that the action of K is free. Then the manifold 
M := P/K is provided with an action of G and the quotient map q : P — > M is 
G-equivariant. Note that we have the natural identification of T* K P with q*T*M, 
hence (T* K P)/K ~ T*M and more generally 

(T* KxG P)/K ~ T G M. 

This isomorphism induces an isomorphism 

Q* : Kg(TgM) -> K°, xG (T^ xG P). 

The following theorem was obtained by Atiyah-Singer in [T]. For any S 
R-°°(K x G), we denote [0]* e R-°°{G) its /V-invariant part. 

Theorem 2.5 (Free action property). For any [a] 6 K G (T G M), we /iaue i/ie 
following equality in R~°°(K): 

index^ xG (Q*[(j])j A = indcx^ ( [a] ) . 

2.3. Product. Suppose that we have two G-locally compact topological spaces 
Nk, k = 1, 2. For j S Z/2Z, we have a product 

(9) Q e:ct : K G (iV0 x K G (TV 2 ) — ► K G (^ x iV 2 ) 

which is defined as follows pQ. Suppose first that * = 0. For k = 1, 2, let er^ : 75^ — >■ 
-EjT be a morphism on TV&. Let be the vector bundles on TVi x TV 2 defined as 
E+ = E+ ® E% ££" ® ££" and £T = E{ <g> -Ef ® £*f . On 2Vi x TV 2 , the 
morphism o\ Q ex t o 2 '■ E + — > E~ , is defined by the matrix 



O-l Qext o- 2 (a, b) 



ai(a)®Id -Id®<j 2 {b)* 
IdQa 2 (b) <r 1 (a)*Qld 



for (a, 6) GiVi x TV 2 . Note that Support(cri Q ex t cr 2 ) = Support (cri) x Support^). 
Hence the product o\ Q ex t & 2 is elliptic when each Ok is elliptic, and the product 
[o~i] Qext [o~ 2 ] is defined as the class [<j\ Qext u 2 \. When * = f , we make the same 
construction with the spaces N\ and N 2 x R. 

Two particular cases of this product are noteworthy: 

- When N\ = N 2 = TV, the inner product on K G (TV) is defined as a Q b = 
A* (a Q ex t b), where A* : K G (TV x TV) — > K G (TV) is the restriction morphism 
associated to the diagonal mapping A : TV — > TV x TV. 

- The structure of i?(G)-module of K G (TV 2 ) can be understood as a particular 
case of the exterior product, when TVi is reduced to a point. 
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Let us recall the multiplicative property of the index for the product of manifolds. 
Consider a compact Lie group G 2 acting on two manifolds Afi and Ms, and assume 
that another compact Lie group Gi acts on M\ commuting with the action of G 2 . 
The external product of complexes on T*Mi and T*Af 2 induces a multiplication 
(see ®): 

O ext : K^ lXG2 (T^M x ) x K£ 2 (T£ a M 2 ) — > K* Gl xG2 (T* Gl x g 2 (A/i x M 2 )). 

Since T Gi xGa (Af x x M 2 ) 7^ T^Mi x T G2 M 2 in general, the product [<7i]0 ext [cr 2 ] 
of transvcrsally elliptic symbols need some care: we have to take representative <7 2 
that are almost homogeneous (see Lemma 4.9 in (T5]V 

Theorem 2.6 (Multiplicative property). For any [<7i] G Kg xG (T Gl Afi) and any 
[a,] GK G2 (T G2 A/ 2 ) we We 

index^ 2 (H cxt [a 2 ]) = indcx^ 2 (M) indcx^ ([a 2 ]). 

In the last theorem, the product of indcx^* 02 ([<n]) G R-°°(Gi x G 2 ) and 

index^ ([ct 2 ]) G R-°°(G 2 ) is well defined since index G2 ([01]) is smooth relatively 
to G 2 (see Section ET2")). 

Suppose now that G is abelian. For a generalized character $ G R~°°(G), 
we consider its support Supp( < E') C G and the corresponding subset Supp($) C Q* 
formed by the differentials. 

Let a C g a rational subspace, and let n a : q* — > o* be the projection. We will be 
interested to the A'-groups K G (T*M) associated to the G'-spaces T*M := {(m,£) G 
T*Af I (£,X M (m)) = for all X G a}. We can prove that if a G K G (T*Af), then 
its index $ := Index G f (cr) G i?~°°(G) has the following property : the projection 
7r a , when restricted to Supp($), is proper (see [8]). 

We have another version of Theorem 12.61 

Theorem 2.7 (Multiplicative property - Abelian case). Let Mi and Af 2 oe two 
G-manifolds ( with G abelian ), and let <X\ , o 2 be two rationnal subspaces of q such 
that ai fl a 2 = {0}. J/ f/ie infinitesimal action of a% is trivial on M 2 , we have an 
external product 

Q ext : K G (T* 1 Mi) x K G (T; 2 M 2 ) — > K G (T* iect2 (Mi x A/ 2 )), 

and for any [er&] G K G (T* Affc) me /iawe 

index^ ixM2 ([cri] cxt [<j 2 ]) = indcx^ /i ([cri])indexf /2 ([CT 2 ]). 

Let us briefly explain why the product of the generalized characters := 
index M {[o~k\) G R~°°(G) is well-defined. We know that the projection ix^ : q* — > a£ 
is proper when restricted to the infinitesimal support Supp($fc) C a*. Since the in- 
finitesimal action of ai is trivial on Af 2 , we know also that the image of Supp($ 2 ) 
by tv 1 is finite (see Remark 12. 8)1 . These three facts insure that for any \ G G the 
s °t {(XI7X2) G Supp($i) x Supp(<I> 2 ) \x\ + X2 — x} is finite. Hence we can define 
the product $1 $ 2 as the restriction of ($1, $ 2 ) G R~°°(G x G) to the diagonal. 



A subspace C is rational when it is the Lie algebra of a closed subgroup. 



8 



PAUL-EMILE PARADAN 



Remark 2.8. Consider an action of a compact abelian Lie group G on a manifold 
M . Suppose that a torus subgroup H C G acts trivially on M. Let H' be a 
closed subgroup of G such that G ~ H x H' . In this case we have an isomorphism 
Kg(TgM) ~ R(H)®K* H , {T* H ,M) and we see that the index map sends K G (T G M) 
into R(H) ® R~°°(H') ~ (R~°° (G / H)) . See the introduction where the submodule 
(R~°°(G/H)} is defined without using a decomposition G ~ H x H' . 

2.4. Direct images and Bott symbols. Let tt : £ —> N be a G-equivariant 
complex vector bundle. We define the Bott morphism on £ 

Bott(£) : A + 7r*£ -> A"7r*£, 

by the relation Bott(£)(n, v) = C\(v) : A + £ n — > A~£ n . Here the Clifford map is 
defined after the choice of a G- invariant Hcrmitian product on £ . 

Let s : N — >• £ be the 0-section map. Since the support of Bott(£) is the zero 
section, we have a push-forward morphism 

(10) sr.K* G (N) — > K^(£) 

g i—> Bott(£)0ext7r*(o-) 

which is bijective: it is the Bott-Thom isomorphism |15j . 

Consider now an Euclidean vector space V . Then its complexification Vc is 
an Hermitian vector space. The cotangent bundle T*V is identified with Vc- we 
associate to the covector £ e T*V the element v + i£ G Vc, where £ G — > £ e V 
is the identification given by the Euclidean structure. 

Then Bott(Vc) defines an elliptic symbol on V which is equivariant relative to 
the action of the orthogonal group 0(V). Its analytic index is computed in pQ. We 
have the equality 

(11) indcx° (y) (Bott(Vc)) = 1 
in R(0{V)). 

Let 7r : V — >• M be a G-equivariant rea/ vector bundle over a compact manifold. 
We have the fundamental fact 

Proposition 2.9. We have a push-forward morphism 

(12) «, : Kg(TgM) — > K^(T^V) 
smc/i t/iai indexy o si = index^ on Kg(TgM). 

Proof. We fix a G-invariant cuclidcan structure on V. Let n = rank V. Let P be 
the associated orthogonal frame bundle. We have M = P/O and V = P x V 
where V = R n and O is the orthogonal group of V. For the cotangent bundle we 
have canonical isomorphisms 

T* G M ~ T* Gx0 (P/0) and T^V ~ T Gx0 (P x V)/0 

which induces isomorphisms between K-groups 

Ql:K G (T G M) — > K^ x0 (T^ x0 P), 
Q2:K^(T^V) — > K^ x0 (T^ x0 (P x V)). 



ON THE STRUCTURE OF Kq(TqM) 

Let us use the multiplicative property (see Section 12. 3j) with the groups G2 
G x 0,Gi = {1} and the manifolds Mi = V, Ah = P. We have a map 



(13) 



«{ : K 



Gxoi^GxO 



-V K^ (T^ x0 (Pxl/)) 

I > Bott(Vc) ©ext CT 



The map si : Kg(TgM) — > K G (T* G V) is defined by the relation si = Q\ o s[ o 

{Qir 1 - 

Thanks to Theorem 1 2.6) the relation implies that indcxp x y os{ = indexp 
on K^, x0 (Tg x0 P). Thanks to Theorem [231 we have 



mdex£(s,(a)) = [indexp ° (s[ o (Q*)" 1 (a)) 

o 



index 



GxO, 



((Q2) (°0) 



indexp (a). 



for any a £ K° x0 (T^ x0 P). 



□ 



We finish this section by considering the case of a G-equivariant embedding 
i : Z ^ AI between G-manifolds. 

Proposition 2.10. We have a push-forward morphism 

(14) i, : K* G {T G Z) — > K* G (T* G M) 
such that indexp o i\ = index^ on VL G (T* G Z) . 

Proof. Let Af = TAl\z/TZ be the normal bundle. We know that an open G- 
invariant tubular neighborhood U of Z is equivariantly diffeomorphic with Af: let 
us denote by ip : U — > Af this equivariant diffeomorphism. Let j : U H M be 
the inclusion. We consider the morphism s\ : K. G (T G Z) — > K. G (T G Af) defined 
in Proposition I2.9[ the isomorphism 92* : K G (T G Af) — > Kq(TqL^) and the push- 
forward morphism j* : K* G (T* G U) — > K G (T* G M). Thanks to Proposition [2"1?1 
one sees that the composition i\ = j* f* s\ satisfies indexp o i\ = indcx^ on 
K G (T* G Z). ' □ 

2.5. Restriction : the vector bundle case. Let £ — > M be a G-equivariant 
complex vector bundle. Let us introduce the invariant open subset T G (£ \ {0}) of 
T G £ and its complement Tg^o-section = T^Af x £*. We denote 

(15) R : K. G (T G £) > K. G (T G M) 

the composition of the restriction morphism K. G (T G £) — > K. G (T G M x £*) with the 
Bott-Thom isomorphism K G (T* G M x £*) ~ K G (T* G M). Note that the morphism 

(16) R:K^)^K^M) 

is also defined when D C G is a distinguished subgroup. 

If S = {v e £ \\v\\ 2 = 1} is the sphere bundle, we have £ \ {0} ~ S x R and 
then T* G (£ \ {0}) ~ T* G S x T*R. Let i : S ^ £ be the canonical immersion. The 
composition of the Bott-Thom isomorphism Kq(Tq<S) ~ Kq(Tq(£ \ {0})) with 
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the morphism j* : K* G {T* G {£ \ {0})) -> K* G (T* G £) correspond to the push-forward 
map i\ defined in Proposition ^. 101 The six term exact sequence ([3]) becomes 

(17) K G (T* G S) -JU- K%(T* G £) Kg(TgM) 

K^T^M) Kg(Tgf ) K G (T* G S). 

Let si : Kg(TgM) — ► K^Tgf) be the push-forward morphism associated to 
the zero section s : M e -t £ (see Proposition 12. 10|) . We have the fundamental 

Proposition 2.11. • The composition Ros, : K* G (T* G M) -> K* G (T* G M) is 

the map a — > a ® A*£. 

• The composition s\ o R : Kq(Tq£) — > Kq(Tq£) is defined by a — > 
a A'ir*£. 

• We have mdcx^(R(cr)) = indexf (a A'ir*£) for any a e K. G (T* G £ ). 

Proof. The third point is a consequence of second point. Let us check the first two 
points. 

We use the notations of the proof of proposition ^. 91 we have a principal bundle 
P — >• M = P/O and £ coincides as a real vector bundle with P Xq E. Since £ has 
an invariant complex structure, we can consider the frame bundle Q C P formed 
by the unitary basis of £ . Here E = M 2n = C". Let U C O be the unitary group 
of E. Here the map s\ and R can be defined with the reduced data (Q, U) through 
the maps 

s ! : K GxU (T GxU Q) > K GxU (T* GxU (Q x E)) 
a i — > Bott(-Ec) ©ext o- 
and R' : K GxU (T GxU (Q x E)) — ► K GxU (T GxU Q). Since E admits a complex 
structure J, the map w ® iv <— > (w + Jv, w — Jv) is an isomorphism between 
Ec and the orthogonal sum E © E. Hence on Ec the Bott morphism Cl(u> © iv) : 
A + Ec —> A~Ec is equal to the product of the morphisms C\(w + Jv) : A + E —> A~ E 
and Cl(w - Jv) : A + E — > A~E. When we restrict the Bott symbol Bott(£c) 6 
K$(T*E) to the 0-section, we get 

which is equal to the class Bott(£') © A'E in K^(£). Finally the composition 
R'os{ : K* GxU {T* GxU Q) -» K* GxU (T* GxU Q) is equal to the map a — ► a A'E. 
We get the first point through the isomorphism T£ GxU (T GxU Q) ~ Kg(TgM). 

Let a 6 K^ x(7 (Tg x(7 (0 x E)). For (a;,£;w,u;) e T*Q x T*E, the transversally 
elliptic symbols 



a(x,£;v,w) 


® 




cr(x,£;v,w) 


© 


Cl(v) 


a(x,£;0,w) 





Gl(v) 


R'(<t)(x,0 





Gl(w) Cl(«) 


R'(<7)(X,0 





C\(w + Jv) (to - Jv) 




o 


R'(<x)(a;,£;v,vj) 
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define the same class in K. GxU (T GxU (Q x E)). We have proved that s( o R (er) = 
crtg>A'E, and we get the second point through the isomorphism K GxU (T GxU Q) ~ 
K^(T^Af). □ 

2.6. Restriction to a sub-manifold. Let M be a G-manifold and let Z be a 
closed G- invariant sub- manifold of M. Let us consider the open subset T G (M \ Z) 
of T* G M . Its complement is the closed subset T G M\ Z - Let M be the normal bundle 
of Z in M. We have T* M\ z = T*Z x M* and then TgM| z = T* G Z x A/"*. 

We make the following hypothesis : the real vector bundle Af* — > Z has a 
G-equivariant complex structure. Then we can define the map 

(18) R z : Kg(TgM) — > K£(T£Z) 

as the composition of the restriction K G (T G M) — > K*(T* G M\ Z ) = 
K* G (T* G Z x J\f*) with the Bott-Thom isomorphism K* G {T* G Z x J\f*) -> K* G (T G Z). 

3. Localization 

In this section, j3 G g denotes a non-zero G-invariant element, and it : £ — >• M is 
a G-equivariant hermitian vector bundle such that 

(19) S p = M. 

Remark 3.1. Note that H9\) imposes the existence of a G-invariant complex struc- 
ture on the fibers of £. We can tak% Jp := £(/3)(-£(/3) 2 )-r, where £(/3) denotes 
the linear action on the fibers of £ . 

The aim of this section is the following 

Theorem 3.2. There exists a morphism Sp : Kg(TgM) — > TZ G (T G £) satisfying 
the following properties: 

(1) The composition RoS^ is the identity on Kg(TgM). 

(2) For any a G K G (T G M), we have Sp(a) ® A'tt*£ = s\(a). 

(3) For any a G H G (T G M), we have the following equality 

Indexf (S^cr)) = Indexed ® [A'l]^ 1 ) 
in R~°°(G), where [A'f]^ 1 is a polarized inverse of A'£. 

Remark 3.3. The maps R and Sp depend on the choice of the G-invariant complex 
structure on £. 

Theorem 13.21 tells us that (fTTj) breaks in an exact sequence 

-> K G (T* G S) K^(T^) K G (T* G M) 0. 

Since RoS^j = RoS^ the image of the map - S-p : K G (T* G M) -> K* G (T* G £) 
belongs to the image of the push- forward map i\ : Kg(Tg5) — > K. G (T G £). 

Let us work now with the complex structure Jp on £ . We denote S^_o the 
corresponding morphism. In Section 13.5.31 we will prove the following 

Theorem 3.4. There exists a morphism Op : K* G {T* G M) — > K* G (T* G S) such that 

S -/3 - S /3 = M ° Op ■ 

■^Relatively to a G-invariant Euclidean metric on £, the linear map — £(/3) 2 is positive definite, 
hence one can take its square root. 
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3.1. Atiyah-Singer pushed symbols. Let M be a G-manifold with an invari- 
ant almost complex structure J. Then the cotangent bundle T*M is canonically 
equipped with a complex structure, still denoted J. The Bott morphism on T*M 
associated to the complex vector bundle (T*M, J) — > M, is called the Thorn symbol 
of M, and is denoteeO Thom(M, J). Note that the product by the Thorn symbol 
induces an isomorphism K.q(M) ~ Kq(T*M). 

For any iGg, we denote _X"m(w) := -jt\o e ~ tX ' m the corresponding vector field 
on M. Thanks to an invariant Riemmannian metric on M, we define the 1-form 

X M (m) = (X M (m), -). 

From now on, we take X = f3 a non-zero G-invariant element. Then the cor- 
responding 1-form /3m is G-invariant, and we define following Atiyah-Singer the 
cquivariant morphism 

Thorny (M, J)(m, £) := Thom(M, J)(m, £ - /3m (m)), (£, m) G T*M. 

We check easily that 

Support (Thorny (M, J)) f] T* Tp M = {(m, 0); m £ M' 3 }. 

where T^j = exp(M/3) is the torus generated by (3. In particular, we get a class 

(20) Thorns (M, J) € K^(T^M) 
when is compact. 

3.2. Atiyah-Singer pushed symbols : the linear case. Let us consider the 
case of a G-Hcrmitian vector space E such that E$ = {0}. 

Let i\ : K^T^S") — > K^(Tt E) be the push-forward morphism associated to 
the inclusion i : S £7 of the sphere of radius one. Let R : Kq(T^ E) -> Kg({»}) 
be the restriction morphism. Since Kg({»}) = 0, the six term exact sequence p7|) 
becomes 

(21) — ► K°,(T^) A K° G (T^) A i?(G). 

The pushed Thorn symbol on E defines a class Thorny (E) G Kq(Tj £). 

Proposition 3.5. • We fcm>e TL(Thomp(E)) = 1 in R(G). 

• The sequence &21\) breaks down: we have a decomposition 

K° (T* Tff E) = K° (T* Tp S E ) © (Thom^(S)), 

where (Thom^-E)} denotes the free R{G)-module generated by Thom^E). 

Proof. At G T*_E the map Thorny (£) (a;, f) : A + E -> A- E is equal to 

Cl(£ — Pe(x)), where £ G E* n> | G £7 is the identification given by the Eu- 
clidean structure. We see that the restriction of Thom ( g(_E) to Tj E\o = E* is 
equal to Bott(_E*) and then the first point follows. The second point is a direct 
consequence of the first one. □ 



When the almost complex structure is understood, we will use the notation Thom(M). 
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Let T/3 the group of characters of the torus Tp. The complex G-module E 
decomposes into weight spaces E = X^agf^ Ea wnere eacn E a = {v £ E \ t-v = t a v} 
are G-submodules. We define the /3-positive and negative part of E, 

(a,p)>0 {a,P)<0 

and the /3-polarized module \E\@ = E + '° © E~>@ . It is important to note that the 
complex G-module \E\@ is isomorphic to3 (E, Jp), and so it does no depend on the 
initial complex structure of E. 

Let R{G) be the i?(G)-submodulc of R-°°(G) defined by the torus (see 
Definition ^. 2[) . Since all the T^-weights in \E\" satisfy the condition (a, (3) > 0, the 
symmetric space S*(\E\°) decomposes as a sum X^gf ^'(l-^l )m with <S'*(|£ , | /3 ) AI <E 

R(G)^. Hence S'(\E\ P ) defines an element of R{G). 

The following computation is done in [T] [Lecture 5] (see also [12] [Section 5.1]). 

Proposition 3.6. We have the following equality in R~°°(G) : 

(22) Indexg (Thorny (E)) = (-1)^^ det(E+' p ) © S'QEf), 

where det(E +, P) is a character of G. 

Example 3.7. Let V = C with the canonical action of G = S . Let j3 = ±1 in 
Lic(S' 1 ) = K. The class Thom±i(C) € Kgi(T<;iC) are represented by the symbols 

Cl(£±ix) :C—>C, (i,()erC-C 2 . 

We have Indexjf (Cl(£ + ix)) = - Y,k>i and Indexjf (Cl(£ - ix)) = £ fc<0 i fc in 
R-°°(S l ). 

Remark 3.8. Let Jk,k = 0,1 be two invariants complex structures on E, and 
let Thouip(E, Jk) be the corresponding pushed symbols. There exists an invertible 
element $ G R(G) such that 

Indexf (Thorny (E, J )) = $ • Index*! (Thorny (E, Ji)). 

3.3. Pushed symbols : functoriality. Suppose now that we have a decomposi- 
tion V = W © E of G-complex vector spaces such that = {0}. 

Proposition 3.9. In Kq(TqV), we hav$\ the equalities 
Thorny (V) ©A* V = Bott(Vc), 
Thorny (V) © A* C E = Thorny (W) Bott(-Eb). 

Proof. Note that the first relation is a particular case of the second one when W = 0. 

A covector (x,£) e T*V decomposes in x = xw © %e, and £ = (yy © S,e- The 
morphism a := Thom^(W / ) Bott(£c) defines at (x, £) the map 

C\(t;w - jw(%w)) © CI(xe + »£e) 
from (AVF © AE C ) + to (AW © AE C )~. 



5 With J,3 = £(/3)(-£(/3) 2 )" 1 /2. 

6 These equalities holds also in Kq(T^ V). 
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We have an isomorphism of complex G-modulcs : Ec — E x E. We have two 
classes Bott(S) and Bott(iT) in K° G (E) and Bott(£ , c ) = Bott(£) Bott(E). At 
the level of endomorphism on AEc — f\E AE, one has 

(23) Cl(x E + i£ E ) = Cl(£ E - Jex e ) © C1(£b + J E x E ) 

where Je is the complex structure on E. We consider the family of maps a s (x,^) : 
(AW A£ AE)+ — ► (AW AE ® A£) _ defined by 
Cl(f W '-Av(»W'))©C!l(f B -fl i (a; B ))©C!l(f B + J B XB) where (9 S = (l-s)J B + s&. 
One checks easily that Support(cr s ) p| TqV = {% = = £w = £b = 0} for 
any s G [0,1]. Hence <r = Co is equal to a\ in K°(Tg£). Finally we check that 
°~i(x,0 = — Pv( x )) © C1(£e + J e xe) can be deformed in 

Cl(£ - 0v(x)) C1(0) = Thom^(^) A' C E, 

without changing its class in K. G (T G V) . □ 

Since Indcx^ (Bott(Vc)) = 1, the first relation of Proposition [379] gives that 

(24) Indcx^ (Thorny (V")) ■ A'V = 1 
in R-°°(G). 

Definition 3.10. Let V be a complex G-vector space such that V 13 = {0}. We 
denote [A'V]^ 1 £ Rr°°(G) the element (-l)^cV~' fi det (y-0) ® S'(\Vf). 

We come back to the morphism 

(25) R : K G (T G V) > K. G (T G W) 

which is the composition of the restriction morphism K. G (T G V) — > Kg(T %W xE*) 
with the Thorn isomorphism K G (T* G W x E*) ~ K. G (T* G W). We are interested by 
the image of the transversally elliptic symbols Thom^(V^) £ Kq(TqV^) by the 
morphism R. 

Proposition 3.11. We have the following equality in Kq(TqW) 

R (Thorny (V)) = Thorny (W). 

Proof. The class Thorny (V) are defined by the symbols Cl(£—j3(x)) : A + V — > A~V, 
for (x, £) £ TV. Relatively to the decomposition V = W@E, we write x = xw®xe 
and £ = £ w © £e. If we restrict Cl(£ - £(ar)) to T*F|w = T*W x we get 
Cl(£w-j3(xw))®C\(£ E ) acting from (AW A£) + to (AVF AE)~ . By definition 
of the map R we find that R (Thorn/? (V)) = Thorny (W). □ 

We consider now the case of a product of pushed symbols. Suppose that we have 
an invariant decomposition E = E\ © Ei and invariant elements /3i , /?2 G such 
that 

• E{ x = E% 2 = {0}, 

• /?2 acts trivially on E\. 

We consider then /3* = ty3i + /3 2 with t > 0. We have V"/* = {0} for any i > 
and = {0} if t > is small enough. 



ON THE STRUCTURE OF K' G (T G M) 
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Lemma 3.12. Let J = J\ © J2 be an invariant complex structure on V = Vi © V 2 . 
Then if t > is small enough, we have the following equality in K G (T G V): 

Thorngt (V, J) = Thorny (V u Ji) Thorny (V 2 , J 2 )- 

Proof. Both symbols are maps from (AVi (3 AV2) + into (AVi ® AV^) - . We write 
a tangent vector (£,2) £ TV as £ = £1 © £2 and a; = x\ © £2. The symbol 
Thom^t (V, J) is equal to 

ci(a + p{xi)) © ci(6 + ^(x 2 )) = ci(a + m( Xl )) & ci($, + (tft + /^(a*)) 

Note that /?2 : V2 — > V 2 is invertible, so there exist c > such that t/5i + f3 2 
is invertible for any t £ [0, c]. Hence Thonigt (V^ J) is transversally elliptic for 
< t < c. We consider the deformation 

as = Cl(a + (st + (1 - s))f3i{xx)) Cl(6 + (st0i + 02)(x 2 )) 

for s £ [0, 1]. We check easily that Support(<7 s ) n T G V = {(0, 0)} for any s £ [0, 1]. 
Hence o\ = Thorngt (F, J) and 00 = Thorng^Vi, Ji) Thorny (V2, J2) defines the 
same class in K G (T G V). □ 



3.4. The map S/j. Wc come back to the situation of a G-cquivariant complex 
vector bundle n : £ — > M such that £@ = M. Since the torus acts trivially 
on M, we have a decomposition £ = ® a ^x£a where X is a finite set of character 
of T^, and £ a is the complex sub-bundle of £ where acts trough the character 
t h-> t a . Definition 13.101 can be extended as follows. We denote 

(26) [A*^ 1 = (-l)'" 11 *:*-''' det{£-' f3 )®S , {\£\ ). 

where £ ±,/3 = E±( Q ,,3»o f « and \ S \ P = E+,P ®£~ Ji - Note that [A'f]^ 1 belongs to 
K^(M) (see Definition ^ . 

Let n Q be the complex rank of £ a , and let E be the following T^-complex vector 
space 

E= 0(C Q )"°, 

which is equipped with the standard Hermitian structure. 

Let U be the unitary group of E, and let U' be the subgroup of elements that 
commute with the action of T^: we have U' ~ H a exU(C na ). Let P' — > M be 
the [/'-principal bundle defined as follows: for m £ M, the fiber P' m is defined as 
the set of maps f : E —> £ m preserving the Hermitian structures and which are 
T^-equivariant. By definition, the bundle P' — > M is G-equivariant. We consider 
the following groups action: 

• G x U' acts on P' , 

• U' X Tg acts on E, 

• Tp and G acts trivially respectively on P' and on E. 

Let us use the multiplicative property (see Section 12. 3[) with the groups G2 = 
G x [/', Gi = T/3 and the manifolds Mi = E, M 2 = P' ■ We have a product 

^TpxGxU'i^'Tp-E) x Kg x(J , (T Gx(7 ,P') ► Kj^ xGxU ,(T TfjXGxU ,(P' x E)), 
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and the Thorn class Thorny (£") G TZ® xU ,(Tj E) induces the map 

(27) : K* GxU ,(T GxU ,P) > K^ xGx[/ ,(T TjgxGx;7 ,(P' x E)) 

a i — > Thorny (E) ox t o 
After taking the quotient by U' , we get a map 

: K G (T G M) — ► K^ xG (T*^ xG £) 

Finally, since Tt xG £ = T G £, we can compose with the forgetful map 
Ki, xG (T G £)^K G (T G £) to get 

: K* G (T* G M) — > K G (T G £). 

Now we see that in Theorem 13.21 : 

• The relation RoS^ = Id is induced by the relation R(Thom^(£')) = 1, 
where R : K£ x v , (T^ E) -> R(T P x U') (see Proposition 

• The relation Sp{d) ® A'tt*£ = s\ (a) is induced by the relation Thorny (E) <g> 
A'E = Bott(£c) proved in Proposition l3.9l 

Let us prove the last point of Theorem 13.21 Let a G K G (T G M) and let a be the 
corresponding element in K Gx(7 , (T GxU , P). The index Indexf (Sp(a)) G R-°°(G) 

is equal to the restriction of Indcxg * Tfi (S' p (a)) G R-°°(G x T) at t = 1 G Tp (see 
Section [2~2]) . By definition we have the following equalities in R~°°(G x T^) 

Indexf T ^(S») = 

= [lndex^ xG (CT) • IndexJ^Thom^-E))] " 
= In dexM (cr ® 1%) ® C M 

where Index^' xl> (Thorny (£)) = [A'P]^ 1 = £ MG f W M ®C^ with W M G i?(C/')- We 
denote W M = P' Xy the corresponding element in K G (M) M . Finally we get 

Indexf (S /3 (cr)) = ^ Index^(a ® 1%) 

= Indcx^ (cr g , 
where [A'£]^ = E Me ¥ W m G K?(M). 

3.5. The map Bp. We keep the same notation than the previous section: 7r : 
£ — > M is a G-cquivariant complex vector bundle such that £@ = M, but here 
we work with the complex structure Jp on £ . Since the map S^_a are defined 
through the pushed Thorn classes Thom^i?) G K G (T^_ j _E) (sec ([27])). we have 
to study the class Thom_^(i?) — Thorny (E) in order to understand how the map 
S°_p - S°p : K G (T* G M) — > K G (T G £) factorizes through the push-forward morphism 
z,:K G (T Gt S)^K G (T G £). 



j j U'xGxTp / Q ///~\\ 
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3.5.1. The tangential Cauchy Riemann operator. Let £ be a Euclidean G-module 
such that E@ = {0}. We equipped E with the invariant complex structure Jp (see 
Remark 1 3. ip . Let S C E be the sphere of radius one. Let us defined the tangential 
Cauchy Riemann operator on S. For y G S, we have 

T y S = {£ | (£,y) = 0} 
= Uy © RJpy, 

where H y = (Cy) 1 - is a complex invariant subspacc of (E, Jp). Let H — > S be the 
corresponding Hcrmitian vector bundle. For £ G TyS 1 , we denote £' its component 
in Hy. Since (Pe{d), Jpy) 7^ for y ^ 0, we see that for £ £ TcS\ y , we have 
£' = & £ = 0. 

Definition 3.13. The Cauchy Riemann symbol a— : A + H — > A~Tl is defined by 
of = Cl(C') : A + H y -> A-Wy. /* de/meU a class of € K^T^S). 

The Thorn isomorphism tells us that K° G (T* G S) ~ K^T^ \ {0})) and we 
know that i] : Kq(TqS') — >• K^T^i?) is injective. Hence, it will be convenient 
to use the same notations for <r~ and i|(crf ) and to consider them as a class in 
K G (Th(E\{0})) ovmK G (T G E). 

Example 3.14. Consider the Cauchy Riemann symbol o~-^ x G Kq(TqC x ) associ- 

c 

ated to the one dimensional representation C x of G. We check that a^ x is repre- 
sented by the map p : T*C X — > C defined by: p(w, z) = ^R(wz) + i(\\z\\ — 1). 

We come back to the setting of Section 13.11 We have an exact sequence — > 
K* G (Ty p S) K* G (Tj fi E) ^ R(G) 0, and we know that R(Thom±p(E)) = 1. 
Then Thorny (E) - Thom_ /S (£') belongs to ker(R) = Im(ii). 

The following result is due to Atiyah-Singer when G is the circle group (see 
P] [Lemma 6.3]). The proof in the general case is given in Appendix B. 

Proposition 3.15. Let E be a G-module equipped with the invariant complex struc- 
ture Jp . We have the following equality 

Thom-p(E) - Thorny (.E) = i\(a§). 

m K° G (T* G E). 

3.5.2. Functoriality. Suppose that V = W®E with W 13 = E 13 = {0}. We equipped 
V,W,E by the invariant complex structures defined by j3. Let er-^ g K. G (T G (V \ 
{0})), G K° G (T G (W\{0})) be the corresponding Cauchy Riemann classes. We 
have a natural product 

K G (T* G (W \ {0})) x K G (T*E) — ► K G (T* G (V \ {0})). 

and a restriction morphism R : K G (T G V) — > K° G (T* G W) (sec <[2g])). 

Proposition 3.16. We have 

• a W ® Bott(S c ) = oY ® A'E in K° G (T G (V \ {0})) ; 
. R(a^) = ^ inK G (T G W). 

'Here we use an identification T*S ~ TS given by the Euclidean structure. 
8 Note that crE defines also a class in K9,(T£ S). 
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Proof. These are direct consequences of Proposition 13.151 For the first point, we 
use it together with Proposition [331 an d f° r the second one we use it together with 
Proposition ^. Ill □ 



The element a£ p belongs to the subspace K G (T* G (V \ {0})) ^ K° G (T* G V), and 
the restriction map R sends K G (T* G (V \ {0})) into K G (T* G (W \ {0})) (see remark 
I5.5j) . We can precise the last statement of Proposition 13.161 by saying that the 
equality R(aJ^) = a™'" holds in K G (T G (V^ \ {0})). 

3.5.3. Definition of the map Op. We come back to the setting of Section |3T4"1 The 
complex vector bundle £ — > M corresponds to P' £ P'/U', and the sphere 
bundle is <S = P' Xu> Se- 

Let us use the multiplicative property (see Section |2~3| with the groups G-2 = 
G x U', Gi = T f 3 and the manifolds Mi = S E , M 2 = P' . Thanks to the product 

KjpxdxU'iTjpSE) X K GxU ,(T GxU ,P') > ^TftxGyM'C^TpxGxU'i-P' x &e)) 

we can define 

(28) e'^.K GxU ,(T GxU ,P') — ► K^ xGx[7 ,(T^ Gx[f ,(P'xS £ )) 

o- i — > cr-g ^ ©cxt cr. 

After taking the quotient by U', we get a map 

6' j3 : K G (T G M) — ► K^ xG (T^ xG 5) 

Finally, since Tt xG <S = T G 5, we can compose 6'g with the forgetful map 
K*^ xG (T G 5) K G (T G 5) to get p : K G (T G M) — ► K G (T G 5). 

The identity Thom-^-E) - Thom (3 (£') = i\(<x^' p ) shows that we have a commu- 
tative diagram 

K Gx ijr(T Gx u'P') *" Kt j3XGx [/'(T TsxGx[/ /(P' x 5b) 




^T^xGxC/'(Tt 3 xGx!7'(-P' x E)) ■ 

After taking the quotient by U' , we get the commutative diagram 
K G (T G M) '± K G (T G 5) 




K G (T G £) . 

which is the content of Theorem 13.41 

3.6. Restriction to a fixed point sub-manifold. Let M be a G-manifold and 
let f3 £ g be a G-invariant clement. Let Z be a connected component of the fixed 
point set iW 3 . Note that (3 defines a complex structure Jp on the normal bundle of 
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Z in M. Following Section [2761 we have a restriction morphism Rz that fits in the 
six term exact sequence 

K° G (T G (Af \ Z)) K G (T* G M) Rz » K G (T G Z) 

K G (T G Z) — K G (T* G M) ^— K G (T* G (M \ Z)). 

Rz J* 

Proposition 3.17. • There exists a morphism Sp t z ■ K G (T G Z) ->■ K G (T G Af) 

sitc/i f/iaf Rz o Sj9 z is t/ie identity on K G (T G Z). 
• PFe ftaue an isomorphism of R(G) -modules : 

K G (T* G M) ~ K G (T G Z) © K G (T G (M \ Z)). 

Proof. Let A/" be the normal bundle of Z in Af . Let U be an invariant tubular neigh- 
borhood of Z, which is small enough so that we have an equivariant diffcomorphism 
(j> : U -> A/" which is the identity on Z. Let : K G (T G Z) -> K G (T G A/*) the map 
that we have constructed in Section^ Let j* ■ K G (T G ZY) ->• K G (T G M) be the 
push-forward map associated to the inclusion j :U M. Let <f>* :: K G (T G A/) — > 
K G (T G W) be the isomorphism associated to cf>. We can consider the composition 

Sp,z ■= j* ° 4>* ° S/j,^, 

and we leave to the reader the verification that Rz ° S^.x = Id. The last point is 
a direct consequence of the first one. □ 

4. Decomposition of K g (T g M) when G is abelian 

In this section G denotes a compact abelian Lie group, with Lie algebra g. Let 
M be a (connected) manifold equipped with an action of G. For any m £ Af, we 
denote Q m C Q its infinitesimal stabilizer. 

Let Ag(M) be the set formed by the infinitesimal stabilizer of points in M. 
During this section, we suppose that A G (Af) is finite: it is the case if M is compact 
or when Af is embedded equivariantly in a G-module. We have a partition 

Af = [J Mfj 

where Aff, := {m G M | f) = g m } is an invariant open subset of the smooth sub- 
manifold Af 11 := {m e M | f) C g m }. 

On the other hand, we consider for < fc < s = dim G the closed subset 

M^ k C M 

formed by the points m € Af such that dim(G • m) = codim(g,„) < k. We have 
Af ^ = \J Mf) = [j Af h 

codimf) <k codimEj<fe 

Let M= k = M^ k \ M- k ~ 1 and M >k =M\ M- k ~ l . Wc note that 

M= k = |J M„ 

codimh — k 
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Let s be the maximal dimension of the G-orbit in M. We will use the increasing 
sequence of invariant open subsets 

M >s -i c . . . c M >\ c M >o c M 

Here M >0 = M\M S , and M >So ~ 1 = M gen is the dense open subset formed by the 
G-orbits of maximal dimension. Note also that M 9en corresponds to Mf, min where 
fymin is the minimal stabilizer. 

Let us consider the related sequences of open subspaces 

T^M >S °" 1 c • ■ • C T G M >X c T* G M >0 c T* G M. 
At level of if-theory the inclusion : M > ^ M >fc_1 gives rise to the map 

: K G (T G M> fe ) — ► K^(T^M> fe - x ). 
Let < fc < s Q — 1. We have the decomposition 

T * aM >k-l = T G i\/ >fe |jT^M >fc - 1 | M=fc 

= T* G M> k \J jj T G M> fe "V e 

codimt)— 

= T G M> fc y JJ T G M„x^* 

codimt)— A: 

where A/f, is the normal bundle of Mf, in M. Note that Mf, is a closed sub-manifold 
of the open subset M >fc_1 , when codimf) = k. 

Lemma 4.1. Let f] G A G (M) wrei/i codimf) = k. There exists 7^ G t) so that Mf, is 
egitaZ to t/ie /ixerf point set (M >fc_1 ) 7 '' := {m E AI >k ~ 1 \ jfj G g m }. TTie element 
7f, defines then a complex structure J 7h on i/ie normal bundle A/f, . 

Proof. Let be the closed connected subgroup of G with Lie algebra t). Let 7^ G f) 
generic so that the closure of {exp(i7f,), t G R} is equal to H. Then for any m G M, 
7h G 0™ « I C J m . Then 

{m G M^" 1 I 7 f, G flm } = {m G M >fe - X | f) G g m } = {m G M | f) = 0m } = M h . 

□ 

Thanks to Lemma 14.11 we can exploit Section 13.61 For any f) G A G (A/) of 
codimension fe, we have a restriction morphism 

(29) R, : K G (T G M> fc - 1 ) — > K G (T G M„) 

and a section 

S„ := S 7f ,, Me : K G (T G M 6 ) — > K G (T G M> fc " 1 ) 

such that Rf, o Sf, is the identity on K G (T G Mf,). 
We have also a long exact sequence 

K G (T G M> fe ) K°(T G M >fc_1 ) codim , =fc K G (T G M„) 

S 8 

0cod imf ,= fc K G (T G M„) — — K G (T G M> fc " 1 ) ^— K G (T G M> fc ), 
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where R fc = Scodim^fe Rf, • We define S fe : © C odimf,=feK£(T^Mf,) — > K^T^AP*" 1 ) 
by 

Sfe(©codimt)=fc0"f)) = Sfj(<Tf,). 

codimfi — k 

Lemma 4.2. Le£ a,b E A G (M). 

• We have R oS»= Id in K G (T* G M a ). 

• We have R a o St, = if a 7^ b. 

• T7ie map R& oSt is i/ie identity on © co dimh=fcKit.(TQA'/f,). 

Proof. The last point is a direct consequence of the firsts one. The first point 
is known, and the second assertion is due to the fact that M a n M b = when 
a ^ fa. □ 

The previous lemma shows that the map 
(30) ((j fe )*,S fc ) : K*(T^M >fc ) x ® codimt , =k K G (T* G M h ) — ► K^TfcM^" 1 ) 
is an isomorphism of i?(G)-module. In particular the maps (jk)* are injective. 

Remark 4.3. If we consider the open subset j : M gen c — > M formed by the G-orbits 
of maximal dimension, we know then that 

U : K G (T G M gen ) — > K* G (T G M) 

is injective, since j is the composition of all the jk ■ 



The isomorphisms (|30[) all together give the following Theorem (which was given 
in a less precise version in [T] [Theorem 8.4]). 

Theorem 4.4 ( At iyah- Singer). Let 7 := {7f,,f) E A G (M)} such that Alt, = {m E 
^>codimh-i 1 ^ g g m }. We have an isomorphism 

(31) $ 7 : K£(T£M 6 )— ►K^M) 

hSA G (M) 

of R{G) -module such that 

Index^ ($ 7 (©„a„)) = ^ Index^ (<r& ® S'{M h )) 

/or any ©f,<7f, E @| ieA Kg^T^Aff,). Here VVf, is the normal bundle of in M 
which is equipped with the complex structure defined by —75, 



For any h, E A G (M) we denote H C G the closed connected subgroup with Lie 
algebra f). Let us denote H 1 C G be a Lie subgroup such that G ~ H x H 1 . Then 
the i?(G)-module K^TgM,,) is equal to 

K^(T^Mf,)®i?(F). 

Thus Theorem 14.41 savs that K G (T* G M) is isomorphic to 

K* H ,(T* HI M % )®R(H). 

UeAa(M) 

Note that the action of H' on M§ has finite stabilizers, hence the group K^, (T^, M[,) 
is equal to K* ri) (T*.Mr,), where .Mf, = M^/H' is an orbifold. 
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5. The linear case 

In this section, the group G is a compact abelian Lie group. Let V be a 
real G-module. Let V gen be the open subset formed by the G-orbits of maximal 
dimension. Wc equip V/V 3 with an invariant complex structure. For any 7 G 
such that V 1 = V 3 we associate the class 

Thom 7 (V7V fl ) Bott(F B ) G K° G (T* G V). 

Let H m i n C G be the minimal stabilizer for the G-action on V. Let s := 
dimG - dimir mi „. 

Definition 5.1. A (G,V)-flag (p corresponds to a decomposition V/V 3 = Vf © 
■ ■ • © Vf in complex G-subspaces, and a decomposition q = \) m in ffi M.j3f © • ■ ■ M./3f 
such that for any 1 < k < s 

cl /3j? acts trivially on Vf when j < k, 

c2 j3% acts bijectivel^ on Vjf . 

We can associate to the data ip above , the flags V s = C V^< v C ... C 

y[s), v = y and = Q [0], 9 c Q [i], v c c fl W, v = fl where 

yb1^ = F fl ffi V Kf, and fl b1.v = (, mm ffiM/3^_ 



l<fc<j 



We see that conditions cl and c2 are equivalent to saying that the generic infini- 
tesimal stabilizer of the G-action on the vector space Vw'Lv i s equal to g^' v . 



Thanks to c2, the Cauchy-Riemann symbol 



4' fe eK^(T^(^\{0})), 



is well defined. Conditions cl and c2 tell us also that (Vf \ {0}) x • • • x (Vf \ {0}) 
is an open subset of (V/V 3 ) gen , and thanks to Theorem I2.7I we know that the 
following product 



is a well defined class in K G (T* G (V/V 3 ) 9en ). 

We need the following submodule of R~°°(G) defined by the relations 



$eT G (V) A'V/y ®$ g (R-°°(G/H)) ,Vh G Ac(V), 

$ G DMg(y) A , y/yn®$ = 0,Vf)^t) mm and $ G {R-°°(G/H min )). 

The purpose of this section is to give a dctaillcd proof of the following theorem. 

Theorem 5.2. Let G a compact abelian Lie group and let V be a real G-module. 
We have 

a. K G (T* G V) = K G (T* G V 9en ) = 

b. The index map Index^ : K° G (T* G V) — ► R-°°(G) is one to one. 

c. The elements Bott(V^) QThoia 7 (V/V 3 ) generate K G (T* G V), when 7 runs 
over the elements such that V 1 = V 3 . 

d. The elements Bott^Oo-^ ^ generate K° G (T* G V gen ), wh en tp runs over 
the (G,V)-flag. 

e. The image K* G (T* G V) by Index^ is equal to F G (V). 

f. The image K* G (T G V 9en ) by Indexy is equal to BM G (V). 



acts bijectively on a vector space V if V® = {0}. 
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Hence b., e. and f. say that the i?(G)-modules K* G (T* G V) and K* G {T* G V gen ) 
are respectively isomorphic to Fg{V) and DMg(V). 

Note that, when dmiV/V* = 0, we have T* G V = T* G V 9en = T*V and all the 
points are direct consequences of the Bott isomorphism. Point d. is proved in [I], 
and points a., e. and f. are due to de Concini-Procesi-Vergne [UBS]. Point b. is 
proved in [1] for the circle group, and in [9] [10] for the general case. In [9j [10], c. 
is obtained as a consequence of d. together with the decomposition formula (|31|) . 

We will give a proof by induction on dim V/ V s that is based on the work of 
[21 QU] ■ But here our treatment differs from those of [U [S] [TU] , since the proof of all 
points of Theorem 15.21 follows directly by a careful analysis of the exact sequence 

— > K G JT G W) A K%(T* G V) A K° G (T* G W) — > 0. 
associated to an invariant decomposition V = C x © W. 

5.1. Restriction to a subspace. Suppose that V ^ V®. Then V contains a 
complex representation C x attached to a surjective character x '■ G — > S . Let 
G x = ker(x) with Lie algebra g x . The differential of x is «x with x S g*. Here 
C x n = {0} since x^O. 

Let us consider an invariant decomposition V = W © C x . 

Remark 5.3. We check that dimW/W = dimV/V B - 1, and dimW/W 3 * < 
dimV/V a - 1. 

We look at the open subset j : T G (W x C x \ {0}) ^ T G V. Its complement is 
the closed subset Tpyl^xio} — T G VK x C x . We have the six term exact sequence 
(32) 

K° G (T G (^ x C x \ {0})) ± K G (T G y) r - K G (T* G W x C x ) 

s s 
K G (T* G W x C x ) ? K G (T G y) - K. G {T* G {W x C x \ {0})). 

Let R : K G (T G V) -)■ K* G {T* G W) be the composition of the map r with the Bott 
isomorphism K* G {T* G W xC x )-> K G (T* G W). Note that R depends of the choice 
of the canonical complex structure on C x . 

The open subset C x \ {0} with the G-action is isomorphic to G/G x x R. Hence 
T G {W x C x \ {0}) ~ T* G (W x G/G x ) x TR. Since the G-manifold W x G/G x is 
isomorphic to G x Gx W, we get finally 

K G (T G (M/xC x \{0})) = K G (T G (1^ x G/G x ) x TR) 

~ K G (T G (W x G/G x )) 
~ K G (T G (G x Gx W)) 
* K Gx (T* G W). 

Let J : K* G (T* G W) -> K G (T G V) be the composition of the map j* with the 
previous isomorphism K* G (T* G W) ~ K* G {T* G (W x C x \ {0})). The sequence ([32]) 
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becomes 
(33) 



K° G (T G W) 



K° G (T^) 



R 



K G (T* G W) 



K G (T* G W) 



R 



K G (T G y) 



K G (T* G W). 



The following description of the morphism J will be used in the next sections. 



Let (3 G g such that = X © R/3- Since the action of G x is trivial on 
product 



the 



K G (T Gi 



W) x K° G (Tl 



K° G (T G F) 



is well defined. Let o= x G K G (TjjoC x ) be the Cauchy-Riemann class. 



Lemma 5.4. Let [a] G K G (T G W) 6e a class that is represented by a G-equivariant, 

c 

G x -transversally elliptic morphism a. Then the product a a— x is G-transver sally 



elliptic and J([cr]) 



m K G (T G F). 



Proof. The character x defines the inclusion i : G/G x — > C x ,g \-t x(d)- Let 
i\ : K G (T G (G/G X x W)) — ► K G (T G V) be the push-forward morphism. 

The manifold G x W is equipped with two G x G x -actions: (g, h) -i (a;, if) := 
(gxh -1 , h ■ w) and (5, /i) -2 (a;, iu) := (gxh~ x ,g ■ w). The map 6(x, w) = (x, x^ 1 ■ w) 
is an isomorphism between G X2 W and G x.\W . The quotients by G and G x give 
us the maps tt g : G Xi W — > W, and tt Gx : G x 2 W G/G x xW. 

We have 

(34) J = i, o (ttqJ- 1 O 6* O 7T* G 

where (tt g )- 1 o^*o7r G : K G (T Gx W0 — > K° G (T* G (G/G x xW)) is an isomorphism. 

It is an easy matter to check that if the class [<r] G K G (T G ^ W) is represented by 
a G-equivariant, G x -transversally elliptic morphism a, then (ir G )~ 1 o9*oir G (o) = 
o~ [0] where [0] : C -> {0} is the zero symbol on G/G x . Finally J(cr) = ii(cr0 [0]) = 

(T0^. □ 



Remark 5.5. /n the next sections, we will use the exact sequence \33\), when V is 
replaced by an invariant open subset Uy . Suppose that there exist invariant open 
subsets U^^Uw c W such that U v = ^wU^w x C x \ Then IM> becomes 

(35) K Gx (T G U^) -L+ K G (T* G U V ) —5— K° G (T G ^) 

8 6 

K G (T G Ul) ^— K G (T G U V ) K Gx (T G U^). 

For example, ifUy = V gen , we take = W R V gen and = W gen ' G * . 
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5.2. The index map is injective. Let us prove by induction on n > the fol- 
lowing fact 

(H„) Index^ : K G (T G V) — > i?~ 00 (G) is one to one if dimV/V B < n. 

If dimV/V B = 0, we have T* G V = T*V and the index map K° G (T*V) -> R(G) 
is the inverse of the Bott isomorphism. 

Suppose now that (H„) is true, and consider GOV such that dim V/V a = n+1. 
We start with a decomposition V = W © C x and the exact sequence The 
induction map Indg^ : R~°°(G X ) -> R-°°(G) is defined by the relation Ind G (E) = 

[L 2 (G) g> E] Gx . We denote A'C^ : R-°°(G) -¥ R-°°(G) the product by 1 -C^. 

Proposition 5.6. The following diagram is commutative 

(36) K G (T G W) — - — *- K G (T G V) — K G (T G W) 



Ind> 



Index, 



Indc 



R-°°(G X ) R-°°{G) R-°°{G). 

Proof. Let a E K° Gx (T* Gx W). We have n G (a) = a [0] where [0] : C {0} is 

G x G 

the zero symbol on G. Then the product formula says that Indcx Gx ^ (tt g (o-)) = 
Indcx^?(cr) ® L 2 {G) and thanks to (|34[) . we see that 

Index^ (3(a)) = Indexg /Gx x ^ ( (tt Gx )~ 1 o 6* o ?r G (cr) ) 



Index G ^ x (7r G (cr)) 

= Ind G x flndex^?(cr 

This proved the commutativity of the left part of the diagram, and the commu- 
tativity of the right part of the diagram is a particular case of Proposition ^. Ill □ 

We need now the following result that will be proved in Appendix A 
Lemma 5.7. The sequence 

(37) — > R-°°{G X ) ^ R~°°(G) A -^? R-°°(G) 

is exact. 

i | m G • 

Lemma 15 .71 tells us in particular that Ind G ^ is one to one. We can now finish the 
proof of the induction. In the commutative diagram (|36p , the maps Index^ , Index^? 
and Ind G are one to one. It is an easy matter to deduces that IndexB is one to 



We end up this section with the following statement which is the direct conse- 
quence of the injectivity of Indexy (see Remark |3.8[) . 

Remark 5.8. Let Jk,k = 0,1 be two invariants complex structures on V, and 
let Thorny (V, Jk) be the corresponding pushed symbols attached to an element f3 
satisfying V 13 = {0}. There exists an invertible element $ 6 R{G) such that 

Thorny (V, Jo)) = $ • Thorny (V, ,h) 

m K G (T* G V). 
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5.3. Generators of K G (T G y). Let V be a real G-module : we equip V/V 3 with 
an invariant complex structure. Let Ag{V) C K. g (T g V) be the submodule gener- 
ated by the family Bott(V^ ) Thom 7 (T//l /fl ), where 7 runs over the element of g 
satisfying V 1 = V B . Remark 15.81 tells us that A G (V) is independent of the choice 
of the complex structure on V/V B . 

In this section we will prove by induction on n > the following fact 

(H„) K 1 G (T* G V)=0 and K° G (T* G V) = A G (V) if d\xnV/V B < n. 

If dim V/V B = 0, we have T G V = T* V and assertion (Ho) is a direct consequence 
of the Bott isomorphism. 

Suppose now that (H n ) and is true, and consider GOV such that dim.V/V s = 
n+1. We have a decomposition V = W © C x with If we apphFl (H„) to 

G W and G x W, we get first that K G (T* G W) = and K G jT Gx W) = 0. 

The long exact sequence l|3"3"|) implies then that K G (T G V) = 0, and induces the 
short exact sequence 

(38) — > K° Gx (T* Gx W) A K° G (T G ^) A K G (T G M/) — > 0. 

The assertion (H„) gives also K G (T G VT) = A G (W) and K G ^ (T Gx W) = A Gx (W). 
With the help of fl35J|, the equality K G (T G V^) = A G (V) will follows from following 
Lemma. 

Lemma 5.9. We have 

. 3(A Gx (W)) C A G {V), 
• A G (V7) C K(A G (V)). 

Proof. We equip F/V^ B = W/W B © C x with the complex structure J := where 
(x, /3) > 0. We will use the decomposition of complex G-vector spaces W/W B ~ 
W/W°* © W B * /W B , and the fact that V B = W B . 

Let a := Bott(W^ x ) Thom 7 (WvW B *) be a generator of A Gx (W). It is a G- 
equivariant symbol, hence Lemma 15.41 applies: its image by J is equal to 3(a) — 
Bott(W^ x )0Thom 7 (W^/I¥ s '')0cr^ x . If we use the fact that = Thom_^(C x )- 
Thom / 3(C x ), we see that J (a) = U- — U+ where 

U± = Bott(W^ x ) Thom 7 (W/W B *) Thom ±(3 (C x ) 

= Bott(W^ x ) Thom 7± (W/W B * © C x ) [1] 

= Bott(y c B ) Bott((W B * /W B ) C ) Thom 7± (W/W 6x © C x ) [2] 

= A*W B ^/W B Bott(y c 8 ) Thom 7± (V/V B ) [3]. 

In [1], the term j± is equal to 7±i/3 with << t << 1 (sec Lcmma r3.12[) . In [2], we 
use that W Bx ~ ^ B ©l¥ B * /W B . In [3] we use that V/V B = W/W B * ®W B * /W B ®C X 
(see Proposition 13. 9p . 

We have proved that J (a) belongs to A G (V) for any generator a of A G (W). 
We get the first point, since the restriction R(G) — > R(G X ) is surjective. 

Let a' := Bott(W^) Thom 7 (W7l^ B ) be a generator of A G (W). Thanks to 
Proposition EH1 we see that a' = R(a") with a" = Bott(I/ c s ) Thom 7 (V7V B ). 
The second point is then proved. □ 



10 See Remark [531 
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5.4. Generators of K* G (T* G V gen ). Let B G (V) be the submodule of ~K G (T G V 9en ) 
generated by the family Bott(V^ ) aXj V ,v where tp runs over the (G, V)-Aag. 
In this section we will prove by induction on n > the following fact 

(R' n ) K G (T* G V gen ) = and 7£ G (T G V 9en ) = Bq(V) if dim V/V B < n. 

If dimV/V -8 = 0, we have T G yf en = TT and (H&) is a direct consequence of 
the Bott isomorphism. Suppose now that (H„) is true, and consider GOV such 
that dimV/V B = n + 1. We have an invariant decomposition V = W © C x , with 
X ^ 0, and 

y ffe ™ = v 9en nw\_\ w gen ' G * x c x \ {o}. 

Note that V gen (1W is either equal to W gen (if the G-orbits in V and W have the 
same maximal dimension) or is empty. Following Remark 15.51 we have the exact 
sequence 

(39) K° G (T G W gen > G *) ^-^K° G (T G V gen ) ^-^K G (T* G W gen ) 



A 



6 



K G (T G W gen ) ^ K G (T* G V gen ) ^ K^(T Gx VF 9e ™' G ^) 

when U 9CTl nf / I. On the other hand, when V gen HW = 0, we have an 
isomorphism 

(40) J : K Gx (T Gx W^ en ' G *) — > K G (T G y 9e "). 

If we apply (H£J to G O W and G x O W, we get first K G (T G VF 9en ) = and 
K Gx (T Gx W gen < G *) = 0. Using the bottom of the diagram (J33} and the isomor- 
phism (|40|) . we get K G (T G U) = 0. Moreover, the long exact sequence (f39|) induces 
the short exact sequence 

— ► K Gx (T Gx iy 9en ' G ^) A K G (T G U 9en ) A K G (T G (V 9e ™ n W0) — > 0. 

Since the assertion (H(J gives also 

K G (T G VF 9en ) = B G (W) and K Gx (T Gx IF 9e "< G *) = B Gx (W), 
the equality K G (T G U 9en ) = A G (V) will follows from following Lemma. 

Lemma 5.10. We have 

. 3(B Gx (W)) CB G (V), 

• S G (VK) C R(B G {V)), when V gen HW 

Proof. Let /3 £ such that (x, /3) > 0: we have fl = X © M./3. For any (W, G x )-flag 
tp, we consider the element 

a := Bott(W c ^) £ Kg^T^W—) 

and we want to compute its image by J. 

We note that the minimal stabilizer H rn i„ C G for the G-action on V is equal 
to the minimal stabilizer for the G x -action on W . Let s := dimG x — dim H m i n . A 
(G x , VF)-flag ip corresponds to 

• a decomposition W/W 3x = © • • ■ © Wf in complex G-subspaces 
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• a decomposition g x = t) mm © © • • • K/3f 

such that for any 1 < k < s, (3% acts trivially on Wf © • • • © and (3^ acts 

bijectively on Wjf. The term a w/ w ' x >v <= K^(T^(J¥/W^*) 9e ") is equal to the 
product of a|' fe G Kg, x (T^W^), for 1 < fc < s. 

Since V/V a ~ T^ B */W S ©C x © WyW fl * , we can define a (1/, G)-fiag V as follows: 

• y+ : = V^sx /W e © C x and /?f = 0, 

• : = W k-i and £fc : = #fc-i for 2 < fc < s + I . 

We note that the G x -transversally symbols <r^' k G Kq x (T k ^W^') correspond 
to the restriction of the G-transversally symbols a^' k+1 G Kg(T K(3 * ^fe+i)- 
Finally, thanks to Lemma 15.41 we have 

J(a) = a§ x 0Bott(y c 8 )0Bott((^/W /B )c)o4' 20 "- 0CT I' S 
= A'WSx/Ws Bott(^ c ) oj' 1 a|' 2 • ■ • a|' s 

= A'Tysx/V^s 0Bott(^ c s ) a£ vi ^. 

Here we use the identity cr| x Bott(VF fl x/W 8 ) = h'W^jW* ct|'\ valid in 
K^(T^(C X © W fl */W fl )), which is proved in Proposition EH] Since R(G) 
i?(G x ) is onto, we have proved that 3(A Gx (W)) C A G (V). 

Suppose now that V gen nW ^ 0, and let us prove now that A G (W) C R(A G (V)). 
Let <p be a (G, W)-flag : let WypF fl = Wf ©• • -©W/ and g = f) mm ©R/3f ©• • -ffiR/3f 
be the corresponding decompositions. The hypothesis V gen fl W ^ means that 
the minimal stabilizer for the g-action in W is contained in g x . Hence x does 
not belongs to (R/3f © ■ ■ • © Rfif)- 1 . Let 

fc = max{* | <x,0?)¥>O}- 
Let "0 be the (G, V A )-flag defined as follows: 

• V* = W? is * 56 fc, and = © C x , 

• Pf =Pf for 1 < fc < s. 
Then we have 

R(Bott(V^)0 4 /y ^) = Bott(W c fl )0a|' 1 0...R(a|' fc )---0 f T|' s 

= Bott(W c )© of 

We use here the relation R(cr^' ) = ot- k (see Proposition 13. 1 1( ) . It proves that 
A G (W) c H(A G (V)). □ 

5.5. K G (T G V) is isomorphic to T G (V). For any G-module V, we denote F G iy)' 
the image of ~K G (T G V) by Indexy. We know from Section [5721 that the index map 
Indexy is injective, hence T G {V)' ~ K. G (T G V). Let J- G (V) be the generalized 
Dahmen-Michelli submodule defined in the introduction. We start with the follow- 
ing 

Lemma 5.11. We have T G (V)' C J- G {V). 
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Proof. Let a G K G (T G V^) and let t) G Ag(V). Since the vector space V/V* 1 carries 
an invariant complex structure we have a restriction morphism Rf, : K G (T G V^) — > 
K%(T* G V t >). Let i, : K G (T G V I >) K G (T G V) be the push-forward morphism 
associated to the inclusion V. Thanks to Proposition 12.111 wc know that 

i\ o R (i ((t) = a A'y/y" 1 , and then 

(41) A* V/V*> ® Indexy (cr) = Indcx^„ (R h (cr)). 

But since the action of H is trivial on y 1 ', we know that Indexyi, (Rf, (cr)) 6 
(R-°°(G/H)) (see RemarkHU). The inclusion F G {V)' C Jc(V) is proved. □ 

We will now prove by induction on n > the following fact 

(H£) J- G (y)' = J G (y) if dimVyV B <n. 

If qYiwlV/V* = 0, we have T* G V = T*V and A G (V) = {q}. In this situation, 
f) mm = fl and (R-°°{G/H min )) = R(G). We have then T G {V) = R(G), and (Hff) 
is a direct consequence of the Bott isomorphism. 

Suppose now that (H") and is true, and consider GOV such that dimlA/V 9 = 
n + 1. We have a decomposition V = W © C x with x^O. If we apply (H^) to 
G O W and G x O W, we get F G {W)' = T G (W) and F Gx (W)' = T Gx (W). The 
following Lemma will be the key point of our induction. 

Lemma 5.12. • Let H C G x be a closed subgroup (G is abelian). For any $ G 
R~°°{G X ), we have the equivalences 

(42) $ e (R-°°(G X /H)) <^=> Indgj$) G (R~°°(G/H)), 

(43) $G J" Gx (VK) ^Indg x ($) G JgGO- 

• TTie exact sequence fi37\ ) specializes in the exact sequence 

(44) o — > Jg x (w) Ind l x Jg(v) A -^? Jbon 

Proof. Let us consider the first point. For $ := J^^cT to (m)C m G R~°°(G x ), we 
have Indg x (4>) = ^ gG m ( 7T G x if)) C v , where 7r Gx : G — >■ G x . We see then that 
Supp(Indg x ($)) = tt g ^ (Supp($)). If tth : G — > and tt' h : G~ x — > denote the 
projections, we have then the following relation 

tth (Supp (lndg x ($))) = tt' h (Supp(*)) 

that induces (|42|) . 

For any <f> G R~°°(G X ) and any subspace f) G A G (F), we consider the expression 
SI := A'V/V 1 * ® Indg ($). We have two cases: 

• Either 1) £ g x : here C x C ^/V" h and A'V/V^ = a'C^ ® (5. In this case, 
SI = because A*C^ o Indg x = 0. 

• Or fj C fl x : here f) G A Gx (W) and V/V^ = W/WK In this case SI = 
Indg (A'W/W*) ® $). 



PAUL-EMILE PARADAN 



It is then immediate that the equivalence (|43|) follows from (|42|). 

Thanks to |43|) it is an easy matter to check that the sequence (|44|) is exact at 
T G {V). We leave to the reader the checking that A'C^ • T G {V) G T G {W). So the 
second point is proved. □ 



Let Ijr : Tc(Vy .F G (V) be the inclusion. Finally, we have the following 
commutative diagram, where all the horizontal sequences are exact : 

K% x (T* G W) K%(T* G V) K%(T G W) 

Ind§ T A'C - 

o ^ t Gx (wy T G ( V y ±+ T G {wy o 

Fg x {W) ' Fg(Y) A ' Cx > T G {W). 

Except for Ijr, we know that all the vertical arrows are isomorphism. It is an easy 
exercise to check that Ij? must be an isomorphism. 

5.6. K Q G (T* G V 9en ) is isomorphic to DM G (V). For any G-module V, we denote 
DM G (y)'theimagcofK;i,(TG^ 9ell )byIndex^. Since the maps j* : K° G (T* G V 9en ) 
K. G (T G V) and Indcxy are injective (see Remark 14.31 and Section IS~2l) . we have 

DM G (V)' - K G (T* G V 9en ). 

for any G-module. Let DM G (V) be the generalized Dahmcn-Michelli submodulcs 
defined in the introduction. We start with the following 

Lemma 5.13. We have DM G (V)' C DM G (V). 

Proof. Let r G K° G (T G V gen ) and j*(r) G K° G (T G V). First we remark that 
Indcxy(r) G (R^ co (G/H m i n )) since H m in acts trivially on V (sec Remark [2T8]) . 

Let () ^ i)min be a stabilizer in A G (F). Since ("1 ^ 9e ™ = the composition 
Rf, oj„ is the zero map, and (|4*T1) gives in this case that A'V"/V r| '®Indexy(j*(cr)) = 0. 
Since by definition Indexy(r) = Indexy(j*(r)), the inclusion DMg(V)' G DM G (y) 
is proved. □ 

We will now prove by induction on n > the following fact 

(H^) DM G (V)' = DM G (V) if dimV/V B <n. 

If dimV/V B = 0, we have T* G V = T*V, V gen = V and A G (V) = {q}. In this 
situation, t) mm = o and {R~°°(G/H mm )) = R(G). We have then DM G (V) = R{G), 
and assertion (Hq") is a direct consequence of the Bott isomorphism. 

Suppose now that (H"') and is true, and consider GOV such that dim V/l/ 8 = 
n + 1. We have a decomposition V = W © C x with ^ / 0. If we apply (HJC) to 
G O VF and G x O W, we get DM G (W)' = DM G (W) and DM Gx (W)' = DM Gx (W). 

It works like in the previous section, apart for the dichotomy concerning V gen n 
IF. We have the following 
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Lemma 5.14. • Let H C G x be a closed subgroup (G is abelian). For any $ G 
i? _00 (G x ) : , we have the equivalences 

(45) $ £ DM Gx (W) ^ Indg x ($) G DM G (V). 

• IfV 9en nW^fl, i/ie ea:aci sequence \3T\ ) specializes in the exact sequence 

IndS a'iT - 

(46) — > DM Gx (W) — DM G (F) — ? DM G (W). 

• IfV gen C\W — the exact sequence \3T\ ) induces the isomorphism 

(47) Indg^ : DM Gx (W) -A- DM G (F). 

Proof. Let $ G R-°°(G X ) and f) G A G (V). We consider the term SI := A'V/Vft <g> 
Ind Gx (<i>). Like in the proof of lemma [5. 121 we have two cases: 

• Either f) <t g x : in this case SI = 0. 

• Or t) C X : here f) G A Gx (W) and V/V* 1 = W/W*>. In this case Si = 
lnda x (v) with r\ = A'W/W^ ® 

Since the minimal stabilizei(3 for the G x action on W coincides with the minimal 
stabilizer for the G action on V, the relation (|42|) induces the equivalence $ G 
(R-°°(G X /H mm )) Indgj$) e {R-°°(G/H mm )). For the stabilizers f) mm 5 

t) C g x , using the fact that Ind Gx is injective, we see that A'V/V^ ®Indg x ($) = 

if and only if A'W/W^ ® $ = 0. The first point follows. 

Thanks to (|45|) it is an easy matter to check that the sequence (|37|) specializes in 

the exact sequence -> DM Gx (W) -A DM G (V) -A R~°°(G), where a = Indg % 
and /3 = A*C X . We can precise this sequence as follows. 

Let l)min{W), l)min{V) be respectively the minimal infinitesimal stabilizer for 
the G-action on W and V. We note that V 9en n W ^ f) min (W) 
f)min(W) = f) m ,„(7). 

Suppose that ys en niy ^ 0, and let us check that the image of j3 is contained in 
T>M G (W). Take $ G DM G (V) and f) G A G (W). Let /?($) = A*C^® $. We have 
to consider three cases : 

(1) If f) = fW„(W0, then $ and /3($) belong to (iT °°(G/ff mm (W0)) = 
{R-°°{G/H min {V))). 

(2) If t) m in(W) £ f) C Q x , then A*F/^ f ' = A'W/W*> and A'W/W^ <g> /?($) = 
/3(A'VyV^ (8 $) =0. 

(3) If rj £ fl x , then V/V = W/W*> © C x . We get then A'W/W^ ® /?($) = 

A»y/yF® $ = 0. 

We have proved that /?($) G DM G (W^). 

Suppose now that y 9e ™ fl W — 0, and let us check that /3 is the zero map. Let 
t) ■= hmin{W) G A G (F). We have V/V^ = C x since f) ^ g x , and by definition we 
have /?($) = A'C^ ® $ = A'V/yf' <g> $ = for any $ G DM G (V). □ 



n Says t) m in wih corresponding group H min = exp(fj m j„). 
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Let /dm : DM G (V)' ^ DM G (y) be the inclusion. If V gen n W ± 0, we have the 
following commutative diagram 







K° G (T G W gen ' G *) 



K%(T G V gen ) 



R 







BM Gx (W)' 



T>M G (W) 



Indr 



Indr 



DM G (V)' 

I DM 

DM G (V) - 



A*C V 



■ K° G (T* G W gen ) 







DM G (W/)' 



A*C V 



DM G (W0, 



and if y 9e ™ PI W = 0, we have the other commutative diagram 







K° G (T* G W gen > G *) 



■K G {T* G V 9en ) 







BM Gx (W)' 



DM Gx (W) 



Ind> 



DMg(V)' 



Ind^ 



DMg(V) 



0. 



In both diagrams, all the horizontal sequences are exact, and except for /dm, we 
know that all the vertical arrows are isomorphisms. It is an easy exercise to check 
that in both cases 7dm must be an isomorphism. 

5.7. Decomposition of K G (T* G V) ~ BM G (V). Let V be a real G-module such 
that V = {0}. Let J be an invariant complex structure on V. Let WcGbe the 
set of weights: \ <E W if V v := {v 6 V \ g ■ v = } 7^ {0}. The differential of 
77 is denoted if) with 77 £ g*. Let W := {77 | 77 e W} : it is the set of infinitesimal 
weights for the action of q on V. 

Let A G (V) be the finite set formed by the infinitesimal stabilizer of points in V. 
For a subspace I) C fl, we see that f) G A G (V) if and only if f)^ C 0* is generated 
by f)- 1 nW. 

Any vector v £ V decomposes as v = ^2 v v v with € V^. The subalgebra 
g v that stabilizes v is equal to C\ Vri7 to ker(r7) = ^o^?) -1-- ^ or a su bspace [) C 
Ag(V"), we see that the subspace := {v | rj C 0^} is equal to (B^ e t t ±V ri and 
Vf, := {v I () = U } is the subspace (V t) ) gen formed by the vectors v := J^net) 1 - v ~n 
such that ^„ ^qKt? — 

We have X^/l/ 1 ' ~ J2fjit) x Following Section 21 we consider a collection 7 := 
{71, eye A G (V)} such that (VyV&)T<> = {0}. Wc look at the i/-transversally 
elliptic symbol Thom 7[) (V/V 1 ') on V/^. Since the action of i/ is trivial on V** , 
the following map 

K G (T G (l/ f ') 9eTl ) — »• K G (T* G ((V i >) gen x V/V*)) 

a — > a@Thom Jt (V/V t >) 

is well defined. We can compose the previous map with the push-forward morphism 
K a G (T G ((V t >) gen x V/V*)) -> K G {T* G V): let us denote S h the resulting map. 
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We can now state Theorem 14.41 in our linear setting. 
Theorem 5.15. The map 

S 7 :=ffi h S 7 : K° G (T* G (V^ en ) — > K°(T G V) 
UeA G (v) 

is an isomorphism of R(G) -modules. 

Now we can translate the previous decomposition through the index map. For 
f) G Ag(V"), we consider the element [A'F/V&t 1 G i?~°°(G) which is equal to the 
G- index of Thom 7li (V/V* 1 ) (see Definition 13.101 and Proposition I3.6[) . 

We need first the following 

Lemma 5.16. The product by [A'V/V']" 1 defines a map from DMg(y 1 ') into 

Proof. Since the symbol Thom 7 . (V/V') ^ s -H-transversally elliptic, the projection 
7Tfj : q* — > fi* is proper when restricted to the infinitesimal support Supp(fi) of fi := 
[A'V/V*]" 1 . Let $ G {R-°°(G/H)}: the image of Supp($) by TTf, is finite. It is now 
easy to check that for any x € G the set {(xi, X2) G Supp(fi) xSupp($) |xi+X2 = x} 
is finite: the product [A'V/V U }~^ (g> $ is well-defined. 

Let $ G (R-°°(G/H)}. For any a G A G (^) we have the 'mother" formula^ 

(48) A* V/V a <g> [A* V/V^]" 1 <g> $ = AV>/y f >+ a ® [AV a /y f ' +0 ]~ 1 <g> $ 

which is due to the isomorphisms V/V" ~ Vy(V& + © ^7^+", V/V h ~ 
V/(V* + y a ) © V™/^ ll+a , and the relation 

A'W® [A'W]- 1 = 1 

that holds for any G- module such that W 1 = {0}. 

Note that for any a, f) G Ag(V) we have the equivalence V l)+a = a C f). 

Suppose now that $ G DMg(^' 1 ) and consider the product fi := [A* V^/V^' 1 ]^ 1 <g>$ G 
R-°°(G). If a c f), wc have 

Anvv^® fi = [A'y/^]^ 1 ® * e (R-°°(G/A)) 

since [A'FvV 5 ]^ 1 G (ir°°(G/A)) and $ G {R-°°{G/H)) C (ir°°(G/A)). In the 
other hand, if £ f), we have A'V/V a (g) fi = since A'F* <g> $ = 0. 

Wc have proved that fi = [A'V/V^']- 1 <g> $ belongs to 7g(V). □ 

The map 

S 7 : DMg(y' ) ) > J 7 g(V) 

f)6A G (V) 



; See formula (2) in [9]. 
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defined by 5 7 (©(,$f,) := J2t,eA G (v) [^'V/V^il ® satisfies the following commu- 
tative diagram 



i Indc 



h DM G (yf) 



K°,(T^y) 

Indcx^ 



Since S 7 and the index maps Indcxyi, , Indexy are isomorphisms we recover the 
following theorem of dc Concini-Proccsi-Vcrgne [9] . 



Theorem 5.17. The map 5 7 is an isomorphism of R(G) -modules. 



6. Appendix 

6.1. Appendix A. Let G be a compact abelian Lie group, and let x '■ G — > U(l) 
be a surjective morphism. We want to prove that the sequence 

IndS A'lr~ 

(49) — > ir°°(G x ) —? iT°°(G) -3 iT°°(G) 

is exact. Note that the induction map Indg x : R~°°(G X ) —> i?~°°(G) is the dual 
of the restriction morphism i?(G) — > R(G X ). Hence the injectivity of Ind^ will 
follows from the classical 

Lemma 6.1. Let H be a closed subgroup of a compact abelian Lie group G. The 
restriction R(G) —> R(H) is onto. 

Proof. Let 9 be a character of H . For any L 1 -function <f> : G — » C, we consider the 
average <f)(g) = <fi(gh)9(h) ^ dh : we have then 

(50) 4>(gh) = 4>(g)0(h) for any (g, h) EG x H. 

Let us choose (j> such that </> ^ 0. For any character \ '■ G — > C, we consider the 
function 

4> x (t) := f fagMg^dg. 
Jg 

We have </> x = (<j),x)x where {(f), x) = Jq ^ ) (g)x(g) ~ 1 dg G C. It is immediate that 
(|50|) gives that 4> x {h) = {(f>,x)0{h) for h G H. Hence the restriction of \ to H is 
equal to 6 when (0, x) ^ 0. By a density argument, we know that such x exists. □ 

Now we want to prove that Image(Ind§ x ) = ker(A*C x ). The inclusion 
Image(Indg x ) C kcr(A*C x ) comes from the fact that A*C X = in R{G X ). 

For the other inclusion, we consider $ := 53 eG m (l 1 ) < ^-^ £ ker(A*C x ). We have 
the relation 3> ® C x = <J>, which means that m{iJ> + \) — m(p) f° r au M G G. Let 
7r : G — > G x be the restriction morphism. Thanks to Lemma 16.11 we know that 7r 
is surjective, and we see that for 8 G G x , 7r — 1 (6 1 ) is of the form {k\ + 0', k G Z}. 
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For 9 G G x , we denote n(9) G Z the integer m(n) for fj, G 7r _1 (0). We have then 

= Ind c x E n ^ • 

\eeG x ) 

6.2. Appendix B. This section is devoted to the proof of Proposition 13.151 Let 

V be equipped with the complex structure J := J p. The class Thom±^(F) G 
K. G (T* G V) are represented by the symbols Cl(£ ± /3(x)) : A+V — > A~V. Since 
-Thom ±(3 (^) is represented by -Cl(£+/3(a;)) : A~V — ► A+V, the class Thom_ 1 g(^)— 
Thom ) g(l / ) is represented by the symbol 

t(x,£) : A*y H- A*y 

defined by t(x, £) = Cl(£) o e — Cl(/3(x)), where e(w) = (— l)' ^^. We consider the 
family t s (x,£) = (sId + Cl(0)°e-Cl(/3 s (>)), s e [0, 1], where /3 s = sJ+(l-s)/3. 
Note that j3 s is invertible for any s G [0, 1]. 

Lemma 6.2. The family t s , s G [0, 1] is an homotopy of transversally elliptic sym- 
bols. 

Thanks to the last lemma, we know that r = t\ in K. G (T G V) . Since Support (ri)(~l 
TqV C Tq(V\{0}), the restriction r' := Ti\y\{o} 1S a G-transvcrsally elliptic sym- 
bol on l/\{0}, and the excision property tells us that j\{r') = n = r in Kq(TqF). 

For (x,£) G T*(V \ {0}), the map t'(x,£;) : A"V -> A*V is given by 

r'(x, = (Id + C1(0) o e - Cl( Jx). 

Let S 1 be the sphere of radius one of V. We work with the isomorphism SxK~ 

V \ {0}, (y, i) H> e*y. Let C = S*xKxCbe the trivial complex vector bundle. Let 
U -> 5 x R be the vector bundle defined by ft (l(jt ) := (Cy) 1 - C T y S. We use the 
isomorphism of vector bundle 

<j):HS)C — >T(SxR) 

defined by <j>{ v ,t){£,' ® a + ib) = (£' + bJ(y),a) G T y 5 x T t R. Through <j> the bundle 
map Cl(£) : A+V ->■ A~F for £ G T^F becomes 

Cl(i,,t)(f' © z) : (AHy (8) AC) + -> (A?^ © AC)" 

Through 0, the vector field x i-> J c x becomes the section of C given by (y, t) i— > 
e t i, and the morphism r' is defined as follows: for (y, f) G ^xR, and £'ffiz G HyffiC, 
the map r ( ' y t) (£' © z) : AH y © AC -> AH y © AC is defined by 

8 z ) = (Id + C1 ^' © ^)) ° e ~ e ' C1 W- 

Let A z = Cl(£' © z) and i? = Cl(i) be the maps from {AUy AC)+ into 
(AHj © AC) " . The matrix of t', t) (£' © z) relatively to the grading of AU y © AC is 

f Id A* z e + e l B* \ 

V i4, lC / - e*B ' -Id J ' 
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Let us consider the deformation of t' in a family 

Td sA* , 4- p t B* \ 

Lemma 6.3. The family a s ,s € [0,1] is an homotopy of transversally elliptic 
symbols. 

(Id e*' B* \ 

^ t g y j is clearly clearly nomotopic to 

/Id \ / Id 
° 2 : " ^ e-*S Id J CT0 ^ -c-*fl Id 

e*B* 
- (e* - e-*)B 

Since the morphism e l B : (AH ® AC)~ — >• (AH <g> AC) + is always invertible, its 
class vanishes. Hence we have 

[A = [o-o] = [a 2 ] = [A z , e - (e* - e^B] in K° G (T G (S X R)). 

We are now working with the morphism 03 : (AH 55 AC) + — > (AH (g) AC) - defined 

by 

a 3 (£' © z) = Cl(C') + Cl(z - (e* - e -*)i). 

Since S-=r — > on R, we can deform the term z — (e* — e _t )i in i + iKe(z) without 
changing the intersection of the support with T* G (S x R). 

Finally we have proved that Thom_ ( g(l / ) — Thorng(F) is represented on S x R 
by the morphism Cl(£') + Cl(f + iRe(z)) : (AH ® AC)+ ->• (AH ® AC) - which is by 
definition equal to a¥ © Bott(TR) = ii(t7~). 

We finish this section with the proofs of the deformation Lemmas. For the family 
t s (x,£) = (sld + Cl(£)) o e - C1(/3 S (»), we have 



(r.(a:,0)V.(x,0 = 



+ He-/? 5 Or) || 2 -2.sCl(/3 s (x)) 
2 s Cl(/3 s (x)) s 2 + ||C + ^(x)|| 



Then det(r s (x, £)) = if and only if 

( S 2 + U-f3 s (x)\\ 2 )( S 2 + U + /3 s (x)\\ 2 )=4 S 2 \\f3 s (x)\\ 2 

which is equivalent to the equality (s 2 + | | £ 1 1 2 + 1 1 /3 s (x) | | 2 ) 2 = 4s 2 1 1 /3 s (x) \ | 2 +4(f , /3 s ( x ) ) 2 . 
If £ £ R/3 s (x), we have (£,f3 s (x)) 2 < ||£|| 2 ||/3 s (a:)|| 2 , and then 

(5 2 + iieii 2 + ii/3 s wn 2 ) 2 <4( s 2 + iieii 2 )ii/3 s (x)ii 2 

which gives (■s 2 + HCII 2 - ||/3 s (a;)|| 2 ) 2 < which is contradictory. Then det^x, £)) 
= if and only if £ e Rf3 s (x) and s 2 + ||£|| 2 - \\f3 s (x)\\ 2 = 0. If furthermore 
6 G Tg^U, thcrEl £ = 0. We have proved that Support(r s ) n T G F is equal to 
the compact set {(#,£) £ = an d s 2 — ||/3 s (:r)|| 2 = 0}. So s e [0, 1] — ► t s is an 
homotopy of transversally elliptic symbols. 



13 It is due to the fact that (/3 s (x), fi(x)) > when i^O. 
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For the familjQ a s := 
(cr s )V s = 



A 



Id 



e l B 



sA* + e l B* 
-Id 



, we have 



(1 



p+ Id 

s)A + 2e l B 



(1 



s)A* + 2e t B* 
p-(s)Id 



) 



with p+ = 1 + He'll 2 + \\z-eH\\ 2 and p~(«) = 1 + ||s£'|| 2 + Wsz + eHf. We check 
easily that ((1 - s)A* + 2e t B*)((l - s)A + 2e l B) = p(s)Id with 



Finally det(a s ) = if and only if p(s) = p (s)p + . In other words, (y,t;£' © z) 
belongs to the support of a s if and only if 



\\( S -\)t'\\ 2 +\\( S -\)z+2eH\\ 2 = (1 + H^'ll 2 + \\sz + eH\\ 2 ) (l + ||£'|| 2 + \\z - eH\\ 2 ) . 



Let us suppose now that £' © z € T^(5 x R). It imposes Im(z) = 0, and 
the last relation becomes (s - 1) 2 9 + 4e 2t = (l + e 2t + s 2 <d) (l + e 2t + 6) with 
® = IIC II 2 + ll z l| 2 - ^ is easy to see that the last relation holds if and only if 
t = = 0. Finally we have proved that 



and then cr s , s £ [0, 1] defines an homotopy of transversally elliptic symbols. 
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p{s) = \\{s-l)ii'\\ 2 + \\{ S -l) Z + 2e t i\\ 2 . 



Support (<x s )r\T* G (S xK) = {(y,t;£'®z) \t = 0, £' = 0, z 



0}, 
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